Earthquake Likelihood Model Testing

D. Schorlemmer,'2 M. C. Gerstenberger,® S. Wiemer,' D. D. Jackson,*

and D. A. Rhoades®

INTRODUCTION

The Regional Earthquake Likelihood Models (RELM) project
aims to produce and evaluate alternate models of earthquake
potential (probability per unit volume, magnitude, and time)
for California. Based on differing assumptions, these models
are produced to test the validity of their assumptions and to
explore which models should be incorporated in seismic hazard
and risk evaluation. Tests based on physical and geological cri-
teria are useful but we focus on statistical methods using future
carthquake catalog data only. We envision two evaluations: a
test of consistency with observed data and a comparison of all
pairs of models for relative consistency. Both tests are based on
the likelihood method, and both are fully prospective (i.c., the
models are not adjusted to fit the test data). To be tested, each
model must assign a probability to any possible event within a
specified region of space, time, and magnitude. For our tests the
models must use a common format: carthquake rates in speci-
fied “bins” with location, magnitude, time, and focal mecha-
nism limits.

Seismology cannot yet deterministically predict individual
earthquakes; however, it should seek the best possible models
for forecasting earthquake occurrence. This paper describes the
statistical rules of an experiment to examine and test carthquake
forecasts. The primary purposes of the tests described below are
to evaluate physical models for earthquakes, assure that source
models used in seismic hazard and risk studies are consistent
with earthquake data, and provide quantitative measures by
which models can be assigned weights in a consensus model or
be judged as suitable for particular regions.

In this paper we develop a statistical method for test-
ing ecarthquake likelihood models. A companion paper
(Schorlemmer and Gerstenberger 2007, this issue) discusses
the actual implementation of these tests in the framework of
the RELM initiative.

Statistical testing of hypotheses is a common task and a
wide range of possible testing procedures exist. Jolliffe and
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Stephenson (2003) present different forecast verifications from
atmospheric science, among them likelihood testing of prob-
ability forecasts and testing the occurrence of binary events.
Testing binary events requires that for each forecasted event,
the spatial, temporal and magnitude limits be given. Although
major carthquakes can be considered binary events, the mod-
els within the RELM project express their forecasts on a spatial
grid and in 0.1 magnitude units; thus the results are a distribu-
tion of rates over space and magnitude. These forecasts can be
tested with likelihood tests.

In general, likelihood tests assume a valid null hypothesis
against which a given hypothesis is tested. The outcome is either
a rejection of the null hypothesis in favor of the test hypothesis
or a nonrejection, meaning the test hypothesis cannot outper-
form the null hypothesis at a given significance level. Within
RELM, there is no accepted null hypothesis and thus the likeli-
hood test needs to be expanded to allow comparable testing of
equipollent hypotheses.

To test models against one another, we require that forecasts
are expressed in a standard format: the average rate of earth-
quake occurrence within pre-specified limits of hypocentral
latitude, longitude, depth, magnitude, time period, and focal
mechanisms. Focal mechanisms should either be described as
the inclination of P-axis, declination of P-axis, and inclination
of the T-axis, or as strike, dip, and rake angles. Schorlemmer
and Gerstenberger (2007, this issue) designed classes of these
parameters such that similar models will be tested against each
other. These classes make the forecasts comparable between
models. Additionally, we are limited to testing only what is pre-
cisely defined and consistently reported in earthquake catalogs.
Therefore it is currently not possible to test such information
as fault rupture length or area, asperity location, etc. Also, to
account for data quality issues, we allow for location and mag-
nitude uncertainties as well as the probability that an event is
dependent on another event.

As we mentioned above, only models with comparable
forecasts can be tested against each other. Our current tests are
designed to examine grid-based models. This requires that any
fault-based model be adapted to a grid before testing is possible.
While this is a limitation of the testing, it is an inherent diffi-
culty in any such comparative testing. Please refer to appendix
B for a statistical evaluation of the application of the Poisson
hypothesis to fault-based models.

The testing suite we present consists of three different tests:

L-Test, N-Test, and R-Test. These tests are defined similarily to
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Kagan and Jackson (1995). The first two tests examine the con-
sistency of the hypotheses with the observations while the last
test compares the spatial performances of the models.

BASIC IDEAS AND DEFINITIONS

W refer to amodel as a concept of earthquake occurrence com-
posed of theories, assumptions, and data. Models can be rather
general and need not be testable in a practical sense. A hypoth-
esis is a more formal, testable statement derived from a model.
The hypothesis should follow directly from the model, so that
if the model is valid, the hypothesis should be consistent with
data used in a test. Otherwise, the hypothesis, and the model on
which it was constructed, can be rejected.

For the tests described here, we treat carthquakes as point
sources with eight parameters: hypocentral latitude and lon-
gitude, depth, magnitude, origin time, and focal mechanism
(three angles). Depending on the models, not all parameters are
required.

Ofcourse, carthquakes are too complex to be fully described
by eight parameters. Some carthquake models, especially those
based on active faults, describe likely rupture length, area, end
points, asperity location, etc. However, at this stage we use only
the eight hypocentral parameters and their full error distribu-
tions because other qualities are not precisely defined nor con-
sistently reported in earthquake catalogs. Adopting the cight-
parameter description means that fault-based models must be
adapted to express grid-based probable hypocentral locations,
magnitudes, and focal mechanisms.

A forecast is defined as a vector of earthquake rates cor-
responding to all specified bins. Any single bin is defined by
intervals of the location, time, magnitude, and focal mecha-
nism. Thus a bin is a multidimensional interval. The resolution
of a forecast corresponds to the bin sizes; the smaller the bins,
the higher the resolution.

From the rates specified in each forecast we calculate a
vector of expectations, the expected number of events within
the time interval for all bins; each element of the vector cor-
responds to a particular bin. The expected number is the earth-
quake rate multiplied by the volume in parameter space of the
bin. An expectation need not be a whole number nor must it be
less than 1. The expectations are dimensionless but correspond
directly to earthquake rates per unit area, magnitude, time,
and depth, and orientation of angles if specified. The vector of
expectations is compared with the vector of observations, based
on the same binning, to score a given forecast. The observed
number of events will always be integers.

In some texts the expectation is referred to as the predic-
tion or predicted number of events for the bin. While the term
prediction has a fairly standard meaning in statistics, it has a
different understanding in carthquake studies. Earthquake pre-
diction usually refers to a single earthquake and implies both
high probability and imminence. We consider earthquake pre-
diction as a special case of a forecast in which the forecast rate is
temporarily high enough to justify an exceptional response. To
avoid confusion, we do not use the term prediction.
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A useful measure of the agreement between a hypothesis
and an carthquake record is the joint likelihood, defined as the
probability of realizing the observed number of earthquakes,
given the expectations in each of the bins. In all of the mod-
els proposed to date, the expectations for the various bins are
assumed to be independent. In this case the joint likelihood is
the product of the likelihoods of each bin. The logarithm of the
joint likelihood, sometimes called the log-likelihood or log-
likelihood score, is simply the sum of the logs of the likelihoods
for all bins.

By comparing the observed events to a model’s expectations,
we derive the likelihood of the observed events occurring in our
model. We calculate this likelihood by assuming a Poissonian
distribution of events in each bin. While the Poisson model is
strictly valid only if the forecast rate is truly constant during the
test interval, it is a good approximation when the rates do not
vary much within the time interval (Borradaile 2003) (sce also
appendix B).

The log-likelihood score depends on both the carthquake
record and the forecast rates; higher values imply better agree-
ment between the two. How large is large enough? We answer
this question with two comparisons: First, in the consistency
test, we compare the observed likelihood score with Poissonian
simulations of expectations based on the hypothesis; second,
in the relative consistency test, we compare two hypotheses
using the observed likelihood and the simulated expectations
obtained using the forecast probabilities from the alternative
hypothesis. In this project, we will compare likelihood scores
from all pairs of hypotheses defined using the same bins.

COMPUTATION

As outlined above, a hypothesis is expressed as a forecast of
carthquake rates per specified bin. Any bin is defined by inter-
vals of location (volume), magnitude, time, and focal mecha-
nism angles. We denote bins with 4 and all bins constitute the

set B defined as
B:={b.b,,...6, },n=|B|

where 7 is the number of bins bl_ in the set B.
A forecast of a model  is issued as expectations A/ per bin
bl.. We set up avector A’ of all expectations as

Al
) A/ ) )
N =|"2 A =2/(8).6 B
/'L/
Expectations have units of earthquakes per time. We also design

the vector € of observations @, per bin 4, based on the same
binning as the vector A to be

o,

Q= a:)Z 0, =,(5),b €B.

[0

n
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Assuming that carthquakes are independent, the likelihood
of observing @ events in a bin with an expectation A is the
Poissonian probability p

w

A%
])((DM,) = Ee .
In case of A = 0 the probability p is given as

0, w>0
o)) o7,

The log-likelihood L for observing @ earthquakes at a given
expectation A is defined as the logarithm of the probability
p(®|A), thus

L(a)|/l) = logp(a)M) =-A+wlogl—-logw! ,
and for a model jatabin &,

L(wl, |/lf) = —ll,j +o, logll.j —logw,!

Applying the logarithm to the probabilities p in case of A = 0

gives

tolo)={ T 070

w=0

The joint likelihood is the product of the individual bin likeli-
hoods, so its logarithm L(Q|A] is the sum of L(a)l. |/’Ll] over
all bins 4,

= L(Q|Aj) = ZL(a)l. |/11.j) = Z—M +o. log/’Ll.j —logw.!.

P

To compare the joint log-likelihoods of two models we com-
pute the log-likelihood-ratio, defined as
R:L(Q|A°) (Q|A‘) .y
where A° denotes the vector of expectations of model H and
A! denotes the vector of expectations of model H'. L° and !
are the joint likelihoods of models H® and H', respectively. If

the log-likelihood-ratio R is less than 0, model H' provides a
more likely forecast; if R > 0, model H® performs better.

Special attention must be paid to forecasts with any cell
containing A = 0. As long as zero events occur in these cells, the
model is judged as any other model; however, if an event does
occur in a cell with expectation A = 0, the joint log-likelihood
sums up to —oo. Thus, the model will be rejected.

Uncertainties in Earthquake Parameters

None of the observed earthquake parameters (location, origin
time, etc.) can be estimated without uncertainties. Therefore,
each parameter uncertainty is included in the testing.
Additionally, for testing stationary models (long-term models
not including aftershocks), every observed event is assigned an
independence probability p, of not being associated with an
carthquake cluster; we calculate these probabilities by a Monte
Carlo search of the input-parameter space of the Reasenberg
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(1985) declustering algorithm. The lower the independence
probability, p1, the more likely the event is an aftershock.

To account for uncertainties, we generate s simulated
“observed catalogs” using modified observations of each event
based on its uncertainty. We draw random numbers according
to the given uncertainty distribution for each parameter of each
carthquake to obtain a modified parameter. Also, for each simu-
lated event, we draw a random number from a uniform distri-
bution between 0 and 1 to decide whether each event will be
considered independent, given its independence probability p,.
If not, it will be deleted from the record. This gives a modified
observation vector Q (modified observations are denoted with

a tilde):

Repeating this procedure s times j1clds a set of modified
observations of the event record {Q Q:} representing
its uncertainty and its possible reahzamons. It should be noted
that parameter uncertainties may cause events to be associated
with different bins while event independence probabilities p,
may change the total number of events in a record €.

To represent the uncertainties of earthquake parameters
in the results, we compute s times the log-likelihoods Z and
the log-likelihood-ratios R using the modified observations
Q, obtaining sets of log-likelihoods L] = {L] L] L] }, total
numbers of events N = {N N N}, and log l1kel1hood—
ratios R = {R1 . The log hkehhood of a model j, I,
is the mean valuc of L] and its standard deviation is given by
the second moment of I’. Likewise, the log -likelihood-ratio
between two models is the mean value of R and the standard
deviation is given accordingly.

Simulation and Evaluation
Testing based on likelihood raises two questions: (1) How can
we know the expected value of the likelihood? (2) If the likeli-
hood for the observed earthquake record exceeds the expected
value, how can we know whether the result is truly significant
rather than accidental? To answer these questions we need to
derive a probability distribution for the likelihood score. In
some simple cases the distribution might be derived analytically
from the rates in the forecast; however, the analytic solution
is not practical here, so we derive the distribution of expected
likelihood scores by simulation. That is, we draw random num-
bers according to the probabilities implied by the forecast to
generate random earthquake records €, (simulated values are
denoted with a hat) consistent with the forecast Then we com-
pute the l1kchhood score L] for each of these simulated records,
obtaining the set U= {LJ , L] }. From this distribution,
we compute the significance as quannlcs of the observed values
compared to the distribution of simulated values.

To create the simulated observations, we draw random
numbers from a uniform distribution in the interval [0;1] for
every bin and every simulation run. We use this random num-

January/February 2007 19



ber as the probability of the inverse cumulative Poissonian
probability density function. This yields a simulated number of
observed events @/ for each given bin 4 assuming the expecta-
tions ﬂ/ of model H. Trerating through all bins creates a vector
of 51mulated events Q7 based on model H:

& = o =di(4).6 € B.

z

We will denote multiple simulated vectors with fl{ , fl;, e éjﬂ .
The subscript of € is the number of the simulation.

Again, the case of A = 0 requires a special treatment; in this
case the corresponding @ will always be 0.

Data-consistency Test or L-Test

The data-consistency test shows whether the observed likeli-
hood of the hypothesis is consistent with likelihoods obtained
from simulations or not. A useful measure for this comparison
is the quantile score Y, or the fraction of simulated likelihood
values

U=, 0,...[0} , m=|l/
less than the observed likelihoods I:j.

[z
J

Y, =

i <B.fjel eV}
q 9

7

Here L’ denotes the log-likelihood of the kth simulation and
L] the log—hkehhood of the ¢th modification of the event
record Thus, we perform this computation s times iterating
through all modifications of the event record. This results in
a distribution of quantile scores {ylf ,yg .. ,,yj }. The quantile
score ¥/ is the mean of this distribution and its standard devia-
tion is the second moment of this distribution.

If 7 is low, then the observed likelihood score is less than
most of the simulated values, and the record is not consistent
with the forecast. If the observed likelihood is in the middle of
the simulated values, then, according to this test, the forecast
is consistent with the data. A problem arises when considering
results with a high 7. It means that the likelihood of the real
observation is higher than the likelihood scores of the simula-
tions based on the model itself. There are several scenarios when
this can happen. First, in a catalog with very low total expec-
tations, the outcome of 0 events is the most likely one; never-
theless, the sum of all given rates may exceed 1 and therefore
some events will be forecasted. In this case, the outcome of 0
events would have a much higher likelihood than the average
simulation because the simulations will reflect the total number
of expected carthquakes distributed over the cells (>0). In con-
trast, a forecast with expectations exactly matching the observa-
tions would also have a higher likelihood when compared to the
likelihood scores of the simulations. This is because every simu-
lation will in general add Poissonian scatter to the expectations,
thus generating observations that do not match the expecta-
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tions. This will result in lower likelihoods for the simulations
(high 7). As can be seen, a model should not be rejected based
on high likelihoods in the data-consistency test. Accordingly,
the test is one-sided, rejecting forecasts with a significantly low
likelihood when compared to the simulations. However, mod-
els with high likelihoods may be inconsistent with the observed
data; therefore, we will additionally apply the number test (N-
Test) to determine if this is the case (see next section).

Number test or N-Test

The N-Test also tests the consistency of a model with the obser-
vation. However, instead of comparing the observed likeli-
hoods with likelihoods obtained from simulations, the N-Test
compares the observed total number of events with the num-
ber of events in the simulated catalogs; no spatial or magnitude
information is contained in this test. Again, we use a quantile
score O for this comparison. The total number N of expected
events of a model j is simply the sum over all expectations A/

N =Y A
i=1

while the total number of observed events N is the sum over
all (1)1,

N=iwi.
i=1

Simulating carthquake records according to the probabilities of
model j, as done in the L-Test, leads to a set of total numbers
of carthquake records N/ = {N’ N] s m}. The quan-
tile score 0/ is defined as the fraction of N/ smaller than the
observed number of events N:

[N |y < N7 el e‘NH
5j: q q
q ‘(]A\V )

As in the L-Test, we require that the observed number of events
N is in the center of the distribution N/ for a model Jj to be
considered consistent with the observations. Because this test
examines only the total number of events, it is weaker than
the L-Test; however, the N-Test is necessary to overcome the
problem of underprediction. If a model is underpredicting the
total number of events, it may not be rejected in the L-Test, but
it will fail in the N-Test. If we can reject models in the L-Test,
the N-Test is not necessary. If a model cannot be rejected in the
L-Test, the N-Test may show that a model is underpredicting
events and can be rejected.

Hypotheses Comparison or R-Test

In many studies (e.¢., Kagan and Jackson 1994), a “test hypoth-
esis” is compared to an established “null hypothesis.” The null
hypothesis is the more simple hypothesis and the test hypoth-
esis is only accepted if an observed statistic would have a sig-
nificantly low probability under the null hypothesis. Evaluating
that probability requires knowledge of the distribution, usually
estimated by simulation, of the relevant test statistic under the

null hypothesis.
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Our study differs from most textbook cases because all
models we consider are fully specified in advance. Some hypoth-
eses may be derived by using more degrees of freedom dur-
ing the “learning” period, but these parameters are then fixed
before the test, so all hypotheses have exactly the same number
of free parameters: none. Furthermore we have no null hypoth-
esis that we believe should be accepted over others in case of
doubt. Nevertheless, we wish to exploit the methods used for
testing against null hypotheses, without necessarily choosing a
favorite a priori.

It should be mentioned here that additional parameters in
a model do not correspond to additional degrees of freedom
of models in our experiment; this makes the use of the Akaike
Information Criterion (AIC) (Akaike 1973, 1974) or any other
related method (i.e. AIC, BIC, etc. [Chow 1981]) impossible.
In all models tested in the RELM framework, the number
of degrees of freedom is 0 because every forecast is issued in
advance of the observation period and is not readjusted during
the observation period.

If we were to select a single “simple” null hypothesis and
repeat this test subsequently with all hypotheses, it is likely that
the first hypothesis to test against the “simple” null hypothesis
would win, and the null hypothesis would be rejected in favor
of the tested hypothesis. Unfortunately, it will also be possible,
or even likely, that none of the remaining hypotheses will be
able to beat the new null hypothesis at the given significance
level. Therefore, we compare all hypotheses against the others
with a different definition of the test statistic to avoid the first
model tested becoming the default winner.

When testing a test hypothesis against a null hypothesis
one uses a simple likelihood ratio

R=L(QA")-L(QA")

and obtains the significance level by computing log likelihood
ratios R, of simulated observations €2,.

Now consider the comparative likelihood test, in which we
commit to accept one hypothesis and reject the other. Suppose
we use the same observed record to compute likelihood scores
for two hypotheses, say H' and H% We call these likelihood
scores L' = L(Q|A") and L? =L(€2|A?), and let the log-likeli-
hood-ratio R*' = L* - L'. If R*' is large it would seem to sup-
port H? but how can we know whether the result is significant?
The likelihood ratio is a statistic, as described above, and we can
derive its probability distribution by simulation. We assume H?
is correct, generate many synthetic records, and score each using
both A' and A? separately (as we did for the observed record),
obtaining the set

(IA{ZI 2{1%121’1%221’.“’1%21}
with
R =1(Q[a)- (&1 |n)

Let 02! be ~the fraction of simulated values of &2 ! less than the
observed R'. Large values support H*:
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TABLE 1
Table of results of the R-Test of n hypotheses.
H H2 cee H"
H ol o . o
HZ 0612 aZZ ces a”z
H" o'" o" e am

R:l < é;l’RZI c (1{21,]?;1 c (1"{21}
‘(f{ﬂ

We perform this computation s times iterating through all
modifications of the event record. This results in a distribution
of quantile scores {05121 ,0!221 ,...,af‘ } . The quantile score o' is
the mean of this distribution, and its standard deviation is given
as second moment of this distribution.

So far we have focused on H?, but we should consider H'
as well. We derive the distribution R" assuming that H' is
correct by simulating records using H', then score them using
both A' and A? separately as above. Let R'? = L' — L? for both
observed and simulated catalogs, and compare the observed and
synthetic using o' (fraction of synthetics less than observed).

The advantage of this approach is its symmetry in respect
to the models. When swapping H' and H?, simply o' and o'
are swapped. For interpretation of the outcome of this test we
will provide a result table containing all computed ot-values.
Consider a test run with 7z hypotheses H', H?, ..., H. Each of
these hypotheses will play the role of a null hypothesis against
the others as well as the role of a test hypothesis against the oth-
ers. Performing the aforementioned test will lead to a set of -
values as shown in table 1.

EVALUATION

H21
21 ‘{Rk
o =
q

We have described the procedure of three tests: (1) the rela-
tive performance test (R-Test); (2) the data-consistency test in
likelihood space (L-Test); and (3) the data-consistency test in
number space (N-Test).

If we were to try to define the best performing model, this
model must never be rejected in the R-Test and must show data-
consistency in the L- and N-Tests. This would be a statement
about the model’s performances over the full magnitude range
and the entire testing area.

Additionally, we propose more detailed investigations of a
model’s performance by testing smaller spatial and magnitude
ranges. Therefore, we compute and retain the significances for
cach model for each bin. This results in maps of identifiable
areas where certain models show strong or weak performances.
This kind of secondary test can help us understand how and
why models perform as they do.
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A Figure 1. Nodewise sum of the expectations A? over all magnitude bins for a 20-year period of the model H° (based on the USGS 1996

model, Frankel et al. 1996).

EXAMPLES

To illustrate possible testing scenarios and to give a feeling of test
performances, we have undertaken example tests with models
that potentially will be part of the RELM testing framework. We
performed all tests (L-Test, N-Test, and R-Test) with two models.
The first model H® is derived from the USGS 1996 long-term
hazard model (Frankel ez 2. 1996) and the second model H! is a
long-term model designed by Helmstetter ez /. (2006). We tested
these models against the earthquake catalog (M > 5) provided by
Y. Y. Kagan (http://moho.ess.ucla.edu/~kagan/relm_index.html).
In one set of tests we use a catalog C,, containing only events
with independence probability p, = 1, thus only mainshocks. In
the second set we use a different catalog C,, which includes all
events and their respective independence probabilities. Based on
these we create modifications of the observation. We tested using
three different time frames, a 20-year period (1981-2000), a 70-
year period (1932-2001), and a five-year period (1998-2002).

For all tests, we used a significance level of 0.1.

Model H?

We adapted the USGS 1996 model (Frankel ez a/. 1996) to fit
the requirements of the test; we have derived the daily back-
ground rate from the long-term rate of this model, interpolated
the characteristic fault information onto our grid, and extrapo-
lated all rates A° into AM = 0.1 magnitude bins down to mag-
nitude M =5 using the Gutenberg-Richter relationship. The
characteristic fault information was interpolated to the given
grid by: (1) projecting the fault to the surface, (2) distributing a
large number of points over the surface projection of the fault,
(3) counting the number of points that fell within a grid node,
and (4) assigning the appropriate percentage of rates to cach

22 Seismological Research Letters  Volume 78, Number 1

grid node based on the percentage of overall points that fell
within the node. The nodewise sums of expectations A, over
all magnitude bins for a 20-year period are shown in figure 1.

W first performed the L-Test to show if H® is consistent
with the observation for the 20-year period 1981-2000 using
the catalog C, (p,=1). We performed 10,000 simulations to
obtain Q . The result is shown in figure 2(A). As can be seen,
the model is consistent with the observations. The curve of log-
likelihoods based on simulated observations €2 (black curve in
figure 2A) intersects the log-likelihood of the real observation
(black vertical line) at y° = 0.389.

In the N-Test the model shows almost the same consistency
with the observation (0° = 0.314). The total number of events
in the simulated records ranges from 17 to 60 while 33 events
have been observed. Therefore, we can state that model H is
consistent with the observations in the given period.

The result changes if we use catalog C, and modify the
observations (10,000 runs) based on the independence proba-
bility p,, thereby introducing additional events into the catalog.
Figure 3(A) shows that almost all log-likelihoods computed
using simulated observations £ are higher than any of the log-
likelihoods computed using the modifications £ of the obser-
vation record. The L range from —409.58 to —126.56 while the
L span only the range from -419.93 to —335.72. This results
in a low 7°=0.0018 + 0.0016. The N-Test gives an explana-
tion for this result (figure 3B). Model H° is underpredicting
the total number of events (6° = 0.990 + 0.007), thus showing
higher likelihoods in the simulations than expected consider-
ing the real observation. The number of events in the modified
observation records ranges from 44 to 57, while the total expec-
tation of the model is 36.52.
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A Figure 2. Result of the data-consistency test of model H° for the period 1981-2000 using catalog C,,. The gray patches mark the rejection
bars. (A) L-Test. The black curve indicates the cumulative distribution of log-likelihoods based on simulated events € . The vertical black
line indicates the log-likelihood of the real observation Q (y* = 0.389). (B) N-Test. The black curve indicates the cumulative distribution of
numbers of simulated events € . The vertical black line indicates the observed events Q (&° = 0.314).
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A Figure 3. Result of the data-consistency test of model H° for the period 19812000 using catalog C,. The gray patches mark the rejection
bars. (A) L-Test. The black curve indicates the cumulative distribution of log-likelihoods based on simulated events Q. The vertical solid
black line indicates the median of the log-likelihoods computed with the modifications of the observation record €. The vertical dashed
lines indicate the 5th and 95th percentiles of log-likelihoods computed with the modifications of the observation record .. (B) N-Test. The
black curve indicates the cumulative distribution of numbers of simulated events € . The vertical solid black line indicates the median of
the numbers of events in the modified observation records €2. The vertical dashed lines indicate the 5th and 95th percentiles of the num-

bers of events in the modified observation records €2 .

Therefore, we can state that model H® is consistent with
the observation in catalog C | of events with p, = 1 but under-
predicts the total number of events when one includes the
uncertainties of events being mainshocks or aftershocks. This

results in too high log-likelihoods.

Model H'

The second model H! (Helmstetter ez /. 2006) has the same
total number of forecasted events as model H® but a different
spatial distribution of expectations. The nodewise expectations
are shown in figure 4. The expectations are more concentrated
in areas of active seismicity and less smoothed.

Repeating the same tests for model H! shows a very simi-
lar distribution (figure 5). Using catalog C |, the model is con-
sistent with the observation, while with catalog C,, the model
underpredicts the total number of events. This again results in
too high log-likelihoods.

To quantify the result, we computed the ¥ and &-values of
the tests. Performing the test with catalog C,, gives ¥, = 0.531.
This shows the consistency of the model with the observation.
Because the total expectation of this model is the same as that

of model H?, the N-Test gives the same result of ' = 0.314.
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Using catalog C, results in ' = 0.009 % 0.006 and 6" = 0.990
+ 0.007.

Model Comparison

We have seen that both models are consistent with the observed
data when using catalog C,, but inconsistent using catalog C, .
So far, we cannot decide which model has a better forecast per-
formance. Here we want to investigate their comparative spatial
performance using the R-Test.

Figure 6 shows the results using both catalogs. In both
cases, log-likelihood-ratios based on the expectations of model
H' are in the range of the observed log-likelihood-ratio, giv-
ing 0'"=0.179 (C,) and o/°=10.321 £ 0.049 (C,). At the
same time, model H® can be rejected in favor of the alternative
model H' at the given significance level, because o' = 0 (C, )
and " =0+0(C,).

Evaluating our results for the given time period, we reject
model H? in favor of model H! due to its spatial performance.
We can also state that both models forecast the total number of
events equally well or badly. Using catalog C,, both models fail
to forecast the average seismicity while with catalog C,, both
models’ forecasts are consistent with the average seismicity.
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A Figure 4. Nodewise sum of the expectations /lil over all magnitude bins for a 20-year period of the model H' (Helmstetter et al. 2006).
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Tests over Different Time Periods

We repeated the tests for two additional time periods of the
catalogs. Figures 7 and 8 show the distributions of all tests and
tables 2 and 3 give the quantitative results. The period of 70
years shows a result similar to the previous results for the 20-
year period. The L-Test and N-Test show consistency of both
models with catalog C,, (figures 7A and 7B) and an underpre-
diction of events with catalog C, (figures 7C and 7D). Here
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again, we reject model H in favor of model H' due to its spatial
performance in the R-Test (figures 7E and 7F).

In the five-year period 1998-2002, the results look quite
different. While both models overpredict the number of events
in catalog C,, (figure 8C), they are consistent with catalog C,
(figures 8B and 8D). The comparative R-Test again shows that
model H' produces a better forecast than model H®. H® can be
rejected in favor of H' at the given significance level.
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are listed in table 2.

These last tests over the five-year period are a good test case
for the forecast model testing in the RELM framework; they
show that it is possible to distinguish the forecast capabilities
of models after a five-year period. This is further emphasized
by the fact that the two models used here have the same total
expectation of events. In the RELM framework, different mod-
els will not necessarily have the same total expectation, making
their differences even bigger.
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DISCUSSION

In this paper, we define the scientific foundation for testing
carthquake likelihood models in the framework of the RELM
project. We believe that the outlined tests are well-suited for the
task of analyzing the forecast ability of models in California and
other regions. The statistical tools can be used in a diagnostic
sense, allowing seismologists to quantitatively compare models
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TABLE 2 TABLE 3
Results of all tests for the 70-year period 1932-2001. Results of all tests for the five-year period 1998-2002.
Distributions are shown in figure 7. Distributions are shown in figure 8.
Test Catalog C,, Catalog C, Test Catalog C,, Catalog C,
L-Test v=0.295 v=0.001+0.001 L-Test v=0.948 v=0.771£0.074
v=0.569 v=0.018 £ 0.009 v=0.962 v=0.816 £ 0.054
N-Test 6=0.235 6=0974+0.013 N-Test 8=0.047 6=0.230+0.069
6=0.233 6=0974£0.014 56=0.048 6=0.229 £ 0.070
R-Test a=0 a=0£0 R-Test o =0.002 o=0£0
o =0.019 o.=0.731 £ 0.050 0=0.128 o=0719+0.114
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A Figure 8. Results of all tests for the five-year period 1998-2002. (Left column) Catalog C,,. (Right column) Catalog C,. (A, B) L-Test. The
median, 5th, and 95th percentile lines are drawn in the color corresponding to the model. (C, D) N-Test. (E, F) R-Test. Quantitative results

are listed in table 3.

and identify their strong and weak points. This will allow for an
improved understanding of the physical processes at work and
ultimately help to improve probabilistic seismic hazard assess-
ment.

Multiple forecast models are available within RELM, each
of them covering different aspects of the physics of earthquakes
or their pattern of occurrence. To improve our forecasting abil-
ity, we must evaluate these models without prejudice or bias.
The best, and possibly only way to achieve this goal, is to test
the forecasts of all models in a truly prospective test against

observed seismicity. During a five-year period, the RELM

26 Seismological Research Letters Volume 78, Number 1

project will undertake testing of a suite of forecasting models.
The performance of all competing models will be determined
and evaluated. The logistical details of how this test is imple-
mented at a RELM test center are described in Schorlemmer
and Gerstenberger (2007, this issue).

Although the described tests cover data-consistency evalu-
ation as well as spatial comparative performance, they lack the
ability to judge models on only their performance for large
(M > 7) events. This problem is not due to insufficient sophis-
tication of the procedure but is inherent to tests covering only
a short period of time; a five-year period is not enough time to
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make significant statements for M > 7 events in California. In
the case of the two tested models (figures 1 and 4), the total
expectation for any event of magnitude M > 7 is 0.436. This
means that even less than one event of this magnitude range is
expected in a 10-year period. Trading time versus space, one can
extend forecast models on a global scale (Jackson 1996; Kagan
and Jackson 1991, 1994, 1995, 2000) and thus have enough
events per year for testing. However, most of the models pro-
posed within RELM depend on information not available on a
global scale (e.¢., microseismicity, deformation, fault databases).
Nevertheless, there are several contrasting hypotheses, such as
seismic gaps (Nishenko 1991), smoothed seismicity (Kagan
and Jackson 1994), and the balance of tectonic and seismic
moment (Bird and Kagan 2004) that could be tested on large
global earthquakes using the methods employed here.
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APPENDIX A
Likelihood Ratio Independence on Bin-sizes
Let P be the likelihood for observing x events for a given expec-
tation (rate) A:
logP=-A+xlogA-logx!.

Let there be a cell C with a given rate A and one observed event.
The likelihood for this observation is

logP=-A+logA-logl=-A+logA.
Now we divide the cell Cinto 7 equally sized subcells C,, C,, ...,

C . Since the event can only happen in one of the subcells, the
likelihood of the observation is:

logP=1(-A* + log A* —log 1) + (n - 1)(-A* - log 1) .

Because
iy
n

and log 1 = 0, we can write the likelihood of the observation as

log P = (—%+log%)+(n— 1)(—%)

Rearranged:
long—&+(n—1)(—i)+log&
n n n
()
=n|—— |+log—
n n
=—/l+log&
n

=—A+logA—logn.

The likelihood changed only by the term log 7. Thus, in the like-
lihood ratio this term will vanish because it does not depend on
the A, and the likelihood ratio will be the same for the case with
one cell as well as for the case with 7 cells.

Now assume 72 observed events. The likelihood for the case
of only one cell is

logP=-A+mlogA - log (m!).

Regardless of the distribution of these 7z events over the given 7

subcells, the likelihood will be
logP=-A*+mlogA* - X

where X is based on the original term logx! and reflects the dis-
tribution of the 7 events of the # cells. The likelihoods of all
possible cases may differ but in the likelihood ratio the term X
vanishes, making the likelihood ratio the same as in the one-cell
case.
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APPENDIX B

Violation of the Poisson Assumption: The Case of
Characteristic Earthquakes on Identified Sources and
Poisson Background Seismicity

Consider a model in which at most one earthquake is expected
to occur on an identified source during the test period, and
the identified source is distributed over a number of bins. For
example, if the source is an earthquake fault, its location might
be distributed over a number of location bins and its (charac-
teristic) magnitude over a number of magnitude bins. Insofar
as the actual earthquake (if it occurs) can only occur in one
bin, this model violates the Poisson assumption on which the
RELM testing is based. In a typical seismic hazard model, there
may be a number of such identified sources (faults). Here we
consider only one, but the method can be readily extended to
an arbitrary number of identified sources.

Specifically, let the expected number of earthquakes on
the identified source in bin &, (which is also the probability of
an earthquake occurring on the identified source in bin &) be
denoted by llj, j =1, .., n In addition, there is background
seismicity throughout the region, which is assumed to follow
a Poisson process. The expected number of background earth-
quakes in bin 4 is denoted loj,j =1,...,n. Thus the total expected
number of earthquakes in bin &, is 2’1 + /10]_. The expected num-
ber of earthquakes over the whole grid is s, + s, Where

si=i/ll,j,i=0,1.
Jj=1

Suppose that the model is submitted for RELM testing,
and that a Poisson likelihood p, will be evaluated instead of the
actual likelihood p ,. We consider the proportional error in the
likelihood calculation, ie., the ratio p,/p , for different values
of N, the total number of earthquakes occurring during the test
period.

If N = 0, the Poisson likelihood is

_ lsts)

PP =¢ ’
and the actual likelihood is
pA = (1 - 51)6’_:0,

where the first factor is the probability of no earthquake on the
identified source, and the second factor is the probability of no
background earthquake occurring. Hence

-5

br_ ¢

P4 1_51‘

If N = 1, a single earthquake occurs in one bin (4, say) but
in no other. The Poisson likelihood is

p[’ = (lll + 2’01)6_(5'+30)

and the actual likelihood is
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p=Ae "+ (1 - )/'Lmeﬂ“ ,
where the first term is the probability of an identified source
occurring and no background earthquake, and the second term
is the probability of no identified source carthquake and one
background earthquake occurring. It follows that

2 (1+r])€7:‘

py (n+1+5)

wherer = A /A .
If N = 2, exactly two earthquakes occur in the test period,
in bins 4 and b, say. If b, # b, the Poisson likelihood is

Pr= ()Lll + /101)(/112 + /102)3_(5‘“0)

and the actual likelihood is

PA = /111/1026_50 + 2‘121016_5” + (1 - 51 )2‘011‘026_5O >

being the sum of the probabilities of three mutually exclusive
contingencies: (cither the earthquake in bin &, is on the iden-
tified source, or the earthquake in bin 4, is on the identified
source, or both earthquakes are background events). It follows

that

P (1+7’1)(1+72)eﬂ‘

2. (;’1+72+1—51)
where 7, = A, /A, and r,= A ,/A,. If b, = b,, it is casily seen
that the individual likelihoods p, and p , are both halved, but
the ratio p /p , stays the same.

From the pattern of results above, it is clear that for the case
of N earthquakes occurring in the same or different bins 4, ...,
b,, the ratio of the Poisson to the actual likelihood is given by

2o _ e_J‘H;v:l(1+r].)
V2 1—31+Zj\;lrj ’

where r, = A/ 7L0,. For values of NV > 2, this ratio can differ
appreciably from 1 for any value of s, depending on the val-
ues of 7, ..., 7. In a model with many identified sources, the
same principles can be applied and the complexity is increased
only when these sources overlap. The likelihood can easily be
corrected as long as the expected value components from each
identified source are supplied to the testing center.

APPENDIX C

Definitions
Expectation. The forecasted number A of earthquakes for any
given bin &, equal to the earthquake rate times the bin size.

Model. The methodology used to express a scientific idea.

Hypothesis. A model with all functions, parameters, etc. com-
pletely specified. In the framework of RELM a hypothesis must
generate a well-defined forecast of future earthquakes including
location, magnitude, and time.

Forecast. A sct A of numerical estimates of the expected num-
ber of earthquakes in each bin, based on a hypothesis.

Bin. A bin 4 is defined by intervals of the location, time, magni-
tude, and focal mechanism, thus a multidimensional interval.

Likelihood. The joint probability of observing o, events in bin
b, and ®, events in bin b, etc., given the expectations ll, )1,2,
etc.

Likelihood ratio. The ratio of likelihood values for two fore-
casts evaluated using the same catalog, or two catalogs using the
same forecast.

Test. Contrary to the standard null hypothesis tests, where a
test hypothesis competes against a given null hypothesis, we
test each hypothesis against all other hypotheses. Hereby, each
hypothesis acts as both a null and a test hypothesis in two tests
against every other hypothesis of its category. This is necessary
because it is possible that all tests between a hypothesis of a
RELM model and the null hypothesis will result in rejection of
the null hypothesis. However, significance between two com-
peting RELM hypotheses may be much more difficult to estab-
lish. Therefore, without this test, the first model to test against
the null hypothesis could become the de facto null hypothesis
even if it does not forecast significantly better than later models.
We simulate earthquake rupture catalogs and follow a similar
method to the standard approach used in likelihood-ratio test-
ing to obtain the significances of our results. ]
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